We give a rather detailed description of the behavior of 2-dimensional totally geodesic foliations on compact Riemannian 4-manifolds. In particular, we obtain a complete characterization in the simply connected case.
Introduction
A foliation fF is "geodesible" if there exists a Riemannian metric that makes IF totally geodesic. The problem of characterizing geodesible foliations has been essentially solved in the 1-dimensional case [16] . There exists in fact numerous geodesible flows; for instance, every compact 3-manifold admits contact flows and such flows are geodesible [11] . Equally, the problem has been solved in the codimension one case [10] . Here the situation is so rigid that one can give a complete classification. The basic point is that, in codimension 1, the distribution fF ± , orthogonal to J*", is evidently integrable. In arbitrary codimension, there is a global description of the qualitative behavior of geodesible foliations that tries to take into account the nonintegrability of & ± [2] , [4] , [6] . However, this method cannot give rise to a complete classification. The first case where this analysis provides effective tools is that of 2-dimensional foliations on 4-manifolds. This is the object of study of this paper.
We assume that the foliation J^ and the manifold M are oriented and C 00 (for some general comments concerning the C° case, see [20] ).
The following theorem has the advantage of splitting the problem into three subproblems. Note that, for the present, we treat 2-dimensional foliations of arbitrary codimension.
Theorem A. Let & be a 2-dimensional geodesible foliation on a compact manifold M. Then there exists a Riemannian metric g on M for which !F is
totally geodesic and such that the curvature of the leaves is the same constant K, equal to +1, 0, or -1.
So there are three types of geodesible 2-dimensional foliations that we will call respectively elliptic (K = + 1), parabolic (K = 0) or hyperbolic (K = -1). The following three theorems treat these three cases.
Theorem B (elliptic case). Let Fbe a 2-dimensional foliation on a compact manifold M. Then IF is elliptic geodesible if and only if the leaves of F are the fibers of a fibration of M by spheres S
2 .
Theorem C (parabolic case). Let F be a parabolic geodesible 2-dimensional foliation on a compact 4-manifold M. Then there exists an Abelian covering M of M such that the lift & of IF to M can be defined by a locally free action of R

.
Further results concerning the parabolic case will be given in §4. In particular, we describe the dynamics of IF when the leaves are dense (see Theorem 4.1). This paper is organized in the following manner. In the first section we recall the basic facts concerning geodesible foliations and we prove Theorems A and B. §2 provides some examples. In §3, we introduce the notion of "transverse curvature" which leads to the proof of Theorems C and D in §4. Finally, §5 is devoted to Theorems E and F.
Theorem D (hyperbolic case
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Preliminary results: Proofs of Theorems A and B
There are several ways to characterize totally geodesic foliations (see [13] for details). Roughly speaking, a foliation J** is totally geodesic if and only if the " holonomy" of the orthogonal distribution & x consists of local isometries. More precisely, let J^ be an arbitrary foliation on a compact Riemannian manifold (M, g), and let γ: [0,1] -> M be an arc orthogonal to &. Then, if V o is a sufficiently small neighborhood of γ(0) in the leaf containing γ(0), one can construct a unique mapping
(iv) the curves t >-> F t (m) are orthogonal to ^\ The foliation J^ is totally geodesic for g if and only if all these local diffeomorphisms F r corresponding to the different choices of γ, are isometries (see [2] ).
As a simple application of this criteria, we have Proposition 1.1 (see also [19] 
, (iv) the closures of the sheets define a codimension 1 foliation, in which case, up to a 2-fold cover, there is a Riemannian fibration of M onto S 1 transverse to
We can now begin the proof of Theorem A. Obviously, we need only consider the cases (ii), (iii), and (iv) of the previous theorem, which will be treated by the following three propositions.
Proposition 1.4. Let & be a 2-dimensional totally geodesic foliation of type (ii). Then all the leaves of & are in fact spheres and, in this case, Theorem
Proof. Let L be a leaf of J*\ The traces of the closures of the sheets on L define a singular foliation & L . The singularities of & L correspond to the codimension 2 compact sheets. One verifies easily that these singularities are all centers; that is, around each singularity, ϊF L looks like a family of concentric circles. Away from the singularities, the leaves of & L are circles. The only surfaces admitting such a singular foliation, with at least one singular point, are the sphere S 2 (two singular points) and the plane R 2 (one singular point). Then, as each leaf meets every sheet, & L possesses at least one singular point, and therefore at most two. In order to establish the proposition, it remains to show that L cannot be the plane. But if L were noncompact, it would meet each sheet infinitely often, hence producing infinitely many singular points, q.e.d.
Proposition 1.5. Theorem A holds for 2-dimensional totally geodesic foliations of type (iii).
Proof. We use here a method employed in [7] . In our case, y ^ is clearly integrable. The universal covering space M of M is diffeomorphic to the product L λ X L 2 , where L x (resp. L 2 ) is the universal cover of a leaf (resp. sheet) of & (see [1] ). The fundamental group Γ of M acts by isometries on the (Lj, g x ) factor, where g x is the natural metric on L v We change g x conformally to obtain a new metric g[ of constant curvature K, equal to -1, 0, or +1. Proof. First assume that the closures of the sheets define a Riemannian fibration p: M -> S 1 . Let X be the vector field tangent to J*" that projects onto 9/90 and which is orthogonal to the fibers of p. It is elementary to check that there is a function u:
where A: is a constant. We now redefine the metric on J^ such that (X, Y) forms an orthonormal frame. It is clear & is still totally geodesic and the fact that k is constant implies that #* has constant curvature (parabolic if k = 0, and hyperbolic otherwise). It remains to consider the case where the codimension 1 foliation defined by the closures of the sheets is not orientable. In this case, there is a double cover M, equipped with the standard involution T, for which the above construction holds. One verifies that τ*X = -X, τ*Y = -Y, and τ*Ϋ = -7 and so the change of metric in M is τ-invariant. This completes the proof of the proposition. Note that applying T to the relation (*), one obtains k = 0 and so the latter case is necessarily parabolic, q.e.d.
This completes the proof of Theorem A.
Proposition 1.7. The properties of being elliptic, parabolic or hyperbolic define a partition on the set of geodesible foliations on compact manifolds.
Proof. Since S 2 has no metric of constant curvature equal to 0 or -1, no elliptic geodesible foliation can be parabolic or hyperbolic. Now, the leaves of a parabolic foliation, being flat complete surfaces, are diffeomorphic to R 2 , R X S 1 , or T 2 and have polynomial growth (cf. [15] ). There is no metric on T 2 with curvature -1 and the complete metrics on R 2 and R X S 1 with curvature -1 have exponential growth. So a parabolic geodesible foliation cannot be hyperbolic, q.e.d.
Examples
Let us first of all recall that the problem of the existence of 2-dimensional foliations on 4-manifolds is completely understood. In fact, according to [17] , every 2-dimensional plane field is homotopic to a foliation and the existence of plane fields is expressed by an algebraic condition involving the intersection form, the signature, and the Euler characteristic [12] . by planes parallel to ψ(*). This foliation is obviously parabolic geodesible. Example 2.3: Suspensions. Let Σ λ and Σ 2 be two compact orientable surfaces, and let h be a representation of w 1 (Σ 1 ) in Diff + (Σ 2 ). Then one constructs, in a well-known manner, a Σ 2 -bundle over Σ x with a "suspended"
foliation & transverse to the fibers. Noting that we can choose a metric such that this fibration is Riemannian, it is clear that & is geodesible. The foliation & is elliptic, parabolic, or hyperbolic, according to whether the genus of Σ x is zero, one, or greater than one. Example 2.4: Local products of totally geodesic foliations. According to [3] , there exists an irreducible lattice Γ in PSL(2, R) X PSL(2, R) with compact quotient. The irreducibility of Γ means that there is no subgroup of finite index in Γ which is a product of two lattices of PSL(2, R). Moreover, by [3] , we can assume that Γ is torsion free. Regarding PSL(2, R) as being the isometry group of the Poincare disc D 2 , we obtain an action of Γ on the Riemannian product D 2 X D 2 which is free because Γ is torsion free. The quotient of D 2 X D 2 by this action is a 4-manifold M equipped with two orthogonal totally geodesic hyperbolic foliations J^ and J^2 . The sheets of J^ (resp. J^2) are the leaves of J*" 2 (resp. J^).
We claim that the leaves of J^ (resp. J^2) are dense in M. Let pr x and pr 2 denote the two projections of PSL(2, R) X PSL(2, R) on PSL(2, R). We have to show that prj(Γ) and pr 2 (Γ) are dense in PSL(2,R). If one looks closely at the construction of Γ, one sees that pr x and pr 2 are injective when restricted to Γ. Note that a subgroup of PSL(2, R) is either dense, solvable, or discrete and that a lattice in a semi-simple group is never solvable. So, it suffices to show that pr^Γ) (resp. pr 2 (Γ)) is not a discrete subgroup of PSL(2, R). But, the cohomological dimension of Γ is obviously four, so Γ cannot be isomorphic to a discrete torsion free subgroup of PSL(2, R).
Transverse curvature
Let G be a simply connected Lie group and © its Lie algebra of left invariant vector fields. Suppose J^ is a tangentially ©-Lie foliation on a compact manifold M. One can regard J^ as a principal G-bundle, with the exception that there is no base: there is a locally free right action of G on M and the orthogonal distribution !F ^ is the analogue of a connection. Following P. Molino [14] , we define the transverse curvature Ω as the element of From now on, we assume that J*" is of codimension 2 and that © is unimodular. Let w be a field of 2-vectors tangent to J^-1 that defines an orientation of J^ - 1 . Then we define two maps: (1) For all g e G, / g : M -> R* is the "Jacobian" defined by / g (m)uv g = (g*w) w , where g*w is the push-forward of w by g.
(2) Φ: M -* @, defined by Φ(m) = ΩJwJ.
Lemma 3.2. For all g ^ G and m ^ M, we have:
. Indeed,
Denote by p the dimension of @, and choose a G-invariant field v of /7-vectors tangent to ϊF and positive for the orientation of J*\ Such a field exists because © is unimodular. Now let vol be the volume form on M such that vol(w Λ v) = 1. As M is compact, and since its total volume is preserved by the action of G, we have:
Lemma3.3. Ifg^G, then j M J g \o\ = /Λ/VOI. We now introduce: Definition 3.4. If © is an arbitrary Lie algebra, the approximative center Ή of © is the complement of the set of points x of © for which there exists a neighborhood U of x in © and an element y of © such that the maps Ad(exp(θ>))|ι,:t/->® converge uniformly towards infinity as / goes to positive infinity.
Observe that # contains the center of ©. Rougly speaking, # consists of the elements that commute, up to "bounded terms," with all one-parameter subgroups.
The key result for the next section is the following. 1 Ad(exp(-^))(Φ(m)). As M is compact, the left side of this expression is bounded (as t tends to -oo). By hypothesis, Ad(exp(-(y))Φ(m)) goes uniformly to infinity on V (as / tends to -oo) and so we conclude that J exp(tv) (m) S oes a^so uniformly to infinity on V. In particular, exp(rv) Vθ1 ~* + °° aS t ~^ ~°°B ut, this is impossible in view of Lemma 3.3. q.e.d.
Proof of Theorems C and D
We begin by some general comments. Let ^ be a totally geodesic 2-dimensional foliation on a compact connected Riemannian manifold (M, g), and let & be the pull-back of & to the bundle E of orthonormal 2-frames tangent to & and positive. By Theorem 1.2, & is tangentially parallelizable. Indeed, if the leaves have constant curvature K, the commutator coefficients of the vector fields defining the canonical tangential parallelism are constants. Thus, IF is tangentially Lie. It is obvious that, when K = -1, the corresponding Lie group is the universal cover SL(2, R) of SL(2, R) and, when K = 0, the corresponding Lie group is the universal cover of the group of isometries of the Euclidean plane E 2 . Note as well that &
± is integrable if and only if & *~ is integrable.
Proof of Theorem D. Suppose that IF is hyperbolic. By Proposition 3.5, in order to show that IF ± is integrable, it suffices to prove that the approximative center V of sl(2, R) is {0}.
The orbits of the adjoint representation of SL(2,R) look like Figure 1 . As the only compact orbit is {0}, this suggests the result. Explicitly, let { X, Y, Z) be a basis of the algebra sl(2, R) such that:
For this basis, one has Ί 0 0 Ad(exp(/ΛΓ)) = 0 exp(0 0 \0 0 exp(-ί) Consequently, V is contained in R X θ RZ. By considering Ad(exp(-ίX)) one has ffc RX θ R7, and so if c RX Then, as if is invariant by Ad(g) for all g e SL(2, R), and as RX is not invariant by Ad(exp(/7)), we conclude that if equals {0}. This proves the first part of Theorem D. FIGURE 1 In
is the universal cover of the leaf (resp. sheet) of &. In our case, L x is diffeomorphic to R 2 . As well, ϊF ^ is 2-dimensional, and so L, is diffeomorphic to either S 2 or R 2 . In the first case, J*" -1 is a fibration by spheres (case (1) of Theorem D), and in the second case, M is diffeomorphic to R 4 (case (2) of Theorem D). Proof of Theorem C. Now suppose that & is parabolic. Let us first compute the approximative center of the Lie algebra of the group of isometries of E 2 . This Lie algebra is generated by the basis { X, 7, Z}, where
Here X and Y correspond to translations and Z to a rotation. The picture of the orbits of the adjoint representation is shown in Figure 2 . The only bounded orbits are those contained in Rlθ RY. The reader can readily verify that indeed *= RIΘR7. We now return to E, the SO(2, R)-bundle of positive orthonormal tangent 2-frames of &. Recall that {X,Y,Z} defines a tangential parallelism of #. Clearly, Z is tangent to the fibers of the bundle E. By Proposition 3.5, the transverse curvature of # has values in RIΦ RY. In other words, the distribution # ± ΘRIΘ RY is integrable. Any leaf M of the associated 4-dimensional foliation is transverse to Z and so covers M. The group of deck transformations is contained in RZ and is hence Abelian. It is now clear that q.e.d.
Proof. Because of Lemma 3.2, the map Φ is everywhere or nowhere zero, since the leaves of # are also dense. Case (1) corresponds to Φ being identically zero. Suppose then that Φ is nowhere zero. Let ξ be the unit vector field tangent to # such that the image of Φ lies in R|. From the density of the leaves, and Lemma 3.2, we conclude that the flow of | preserves # ± . In particular, # x ®Rξ defines a codimension 2 foliation. Evidently the leaves of this foliation are the sheets of #. One verifies that | is invariant by the action of SO(2, R) on E and defines a vector field £ on M. Obviously, the sheets of & are the leaves of a foliation Jί, tangent to & λ ΘRξ. and so JΓ is defined by a closed 1-form ω. According to Tischler's theorem [18] , there exists a fibration of M onto S 1 whose fibers approximate Jf. So this fibration is transverse to ϊF. It is easy to verify that the trace of & on the fibers define a geodesible flow and & can be constructed by suspension of this flow, as in Example 2.1. q.e.d.
Applications
This section is devoted to the proof of Theorems E and F. Let us begin by the following preliminary result. . In other words, we obtain a homomorphism h from Γ to Isom(D 2 ) = PSL(2,R). The compactness of M implies that PSL(2,R)//z(Γ) is compact. But Γ being supposed Abelian, Λ(Γ) is an Abelian subgroup of PSL(2,R) and so is contained in a 1-parameter subgroup of PSL(2, R). This contradicts the fact that PSL(2,R)/h(T) is compact. So, !F cannot be hyperbolic and hence has to be elliptic. 
